The observation of distant supernovae shows that the light of supernovae Ia is dimmer than it would be in a decelerating Universe. Several effects might be responsible for this phenomenon: cosmological constant, evolution of supernovae, selection bias, gravitational lensing, intergalactic dust, and influence of inhomogeneous distribution of matter on light propagation. All these effects but the last one have been systematically studied and, except for the cosmological constant, according to the present knowledge, they are not responsible for the observed dimming of supernovae. However, matter distribution in the Universe is not homogeneous. The luminosity distance obtained in inhomogeneous models can be slightly different from FLRW models. Employing the simplest inhomogeneous model, i.e. Lemaître-Tolman model, this paper examines the impact of an inhomogeneous matter distribution on light propagation. Recent studies in this field proved that matter inhomogeneities can mimic the acceleration. Our analyses show that realistic matter fluctuations on small scales introduce the brightness fluctuation in the residual Hubble diagram of amplitude δm ≈ 0.15 mag, and thus can mimic the acceleration. However on large scales the situation differ. All these brightness fluctuations decrease for high redshifts, which can explain why nearby supernovae are of larger intrinsic dispersion than distant ones. This, however, does not explain the excess of faint supernovae. This paper concludes that there is no realistic model which could explain the observed dimming of supernovae without a cosmological constant.
INTRODUCTION
This paper aims to study the supernovae observations in order to thoroughly estimate the influence of inhomogeneities on the light propagation. Studies in this filed proved that inhomogeneities can mimic the cosmological constant. However this does not prove consistency with other astronomical observations. This paper provides quantitative estimation of the influence of matter fluctuations in terms of δm measured in the residual Hubble diagram.
The observation of supernovae is a powerful tool in a modern cosmology. Analyses of their brightness provide us with a reliable estimation of their distance from the observer. For this estimation to be satisfactory, all the factors which might influence the observed supernovae luminosity must be taken into account. In the literature five factors are examined; namely, evolution of supernovae, dust absorption, selective bias, gravitational lensing, and cosmological constant. Except for the last one they do not seem to be responsible for the observed 'dimming' (for details see Filippenko 2004; Riess 2004; Tonry 2003; Perlmutter 1999 Perlmutter , 1997 . The analyses of supernovae in various cosmological models im-ply a non-zero cosmological constant. However, the standard approach is to assume that the Universe is described by homogeneous FLRW models. The effect due to inhomogeneous matter distribution has not been systemically studied. This paper aims to analyse the luminosity distance of supernovae without the homogeneity assumption. The luminosity distance in inhomogeneous models might differ from the FLRW results. To examine this issue the Lemaître-Tolman model is employed. The difference of this approach from the standard one (FLRW models) is an inhomogeneous density distribution as well as an inhomogeneous expansion rate. Results in the form of residual Hubble diagram provide us with the estimation of the influence of matter inhomogeneities.
SIGNIFICANCE OF LUMINOSITY DISTANCE
The astronomical observations imply that the real distance to supernovae is larger than the distance obtained when homogeneous decelerating cosmology is employed. Usually, this phenomenon is interpreted as an evidence of the Universe acceleration. However, matter distribution in the Universe is not homogeneous. This has a strong influence on distance measurements in the Universe (Linder 1998; Mustapha et al. 1998; Demiański et al. 2003) .
In the FLRW model the luminosity distance formula is (Carroll, Press & Turner 1992) :
where S is sinh, 1 or sin for Ω k > 0, Ω k = 0 or Ω k < 0 respectively, and I:
Up to the second order in Taylor expansion (Célérier 2000) :
where q = ΩM /2 − ΩΛ is called a deceleration parameter Comparing this result with the luminosity distance in empty FLRW 1 we receive:
The definition of q assures that if the LHS of the above equation is positive (i.e. the observed luminosity distance is larger than it would be in empty cosmology), the cosmological constant cannot be zero and must be positive.
If the cosmological constant equals zero, the deceleration parameter in the FLRW model is always positive.
In an inhomogeneous model the situation may slightly differ. Let us consider the Lemaître-Tolman model, which is the simplest inhomogeneous generalization of the FLRW models.
In the Lemaître-Tolman model the Taylor expansion of the luminosity distance is as follows (Célérier 2000) :
where R is the areal radius, and in the FLRW limit R → ra, where a is a scale factor. Primes ′ denote ∂r and dots˙∂t. Comparing eq. (5) with eq. (3) the Hubble and the deceleration parameter in the Lemaître-Tolman model is:
1 The empty FLRW model is simply the Minkowski spacetime. However, because of this peculiar coordinate system, the Minkowski model is going to be refer as an empty FLRW model.
respectively. The above equation can be expressed as:
where ρ = 6M R 3 . If the density and the Hubble parameter vary much in one region, then the deceleration parameter might be negative even though the cosmological constant equals to zero.
Although the above result was obtained in the Lemaître-Tolman model, this analysis shows that in a more general model than FLRW the inhomogeneous matter distribution can mimic acceleration without the cosmological constant. This is why it is important to consider the influence of matter inhomogeneities on the light propagation. It might be possible that what is usually interpreted as an evidence for acceleration is just a manifestation of matter being not homogeneously distributed.
THE LEMAîTRE-TOLMAN MODEL
The Lemaître-Tolman model is the spherically symmetric solution of Einstein's equations with a dust source (Lemaître 1933 , Tolman 1934 . In comoving and synchronous coordinates, the metric is:
where dΩ 2 = dθ 2 + sin 2 θdφ 2 , and E(r) is an arbitrary function of r. Because of the signature (+, −, −, −), this function must obey E(r) ≥ − 1 2 . The Einstein equations can be reduced to the following:
where M (r) is another arbitrary function and κ = 8πG c 4 . When R,r = 0 and M,r = 0, the density becomes infinite. This happens at shell crossings. This is an additional singularity to the Big Bang that occurs at R = 0, M,r = 0. Shell crossing can be avoided by setting the initial conditions appropriately.
Equation (11) can be solved by simple a integration:
where tB appears as an integration constant, and is an arbitrary function of r. This means that the Big Bang is not a single event as in the Friedmann models, but occurs at different times at different distances from the origin. Thus, the evolution of the Lemaître-Tolman model is determined by three arbitrary functions: E(r), M (r) and tB(r). The metric and all the formulae are covariant under arbitrary coordinate transformations of the form r = f (r ′ ). Using such a transformation, one function can be given a desired form. Therefore the physical initial data for the evolution of the Lemaître-Tolman model consist of two arbitrary functions. (For details of specifying the Lemiaître-Tolman model see Hellaby & Krasiński 2005) .
Light propagation was studied by Bondi (1947) . Repeating his calculation, let us consider the incoming radial null geodesic, which is given by:
Let us denote the solution byt(r). Consider a light wave emitted at rem. The frequency at the source (rem) and at the observer (r ob ) are νem and ν ob respectively. The ratio of these quantities is:
The wavelength of the emitted ray λem is proportional to the time elapsed between two maxima of the wave. Let us denote it byτ (r). This period changes as the light propagates. To calculate this change, let us employ eq. (13):
Because τ << t, the Taylor expansion can be employed:
Inserting the above results to eq. (15):
Which after integration and using eq. (14) becomes:
where all quantities above are evaluated at the null cone. From eq. (11):
Once the Lemaître-Tolman model is specified, the functions M, E, R(t0, r) are known. Then eq. (13) can be solved in order to calculate all quantities at the null cone. Then using eq. (19) and (18) the redshift can be estimated.
OBSERVATIONAL CONSTRAINS

Local Universe
Astronomical observations which provide us with information about the local Universe show that the matter distribution and the expansion of the space is not homogeneous.
The measurement of density implies that density varies from δ ≈ −1 in voids (Hoyle & Vogeley 2004) to δ equal several tens in clusters (Bardelli 2000 ) . These structures are of diameter from several Mpc up to several tens of Mpc. However, if the averaging is considered on large scales, the density varies from 0.3ρ b to 4.4ρ b (Kolat, Dekel & Lahav 1995; Hudson 1993 ) and the structures are of several tens of Mpc.
Also different measurements of Hubble constant provide us with different values. The measurement of Hubble constant with the Sunyaev-Zel'dovich Effect yields H0 = 61 ± 3 (random) ± 18 (systematic) km s −1 Mpc −1 (Rees 2003). The Hubble constant obtained from observations of local galaxies using the Surface Brightness Fluctuation yields H0 = 77 ± 4 ± 7 km s −1 Mpc −1 (Tonry et al. 2000) .
Still, for these the Lemaître-Tolman models to be realistic they must remain consistent with the above astronomical data. Namely, in models with the Hubble parameter as a variable we expect this variation to stay within the range indicated by the above observations. Similar, in models with inhomogeneous density distribution, we expect the fluctuation to remain within the range indicated by the observations.
Supernovae observations
Supernova observation provide us directly with the observed magnitude. The absolute magnitude can be estimated from the light curve shape. In this paper the supernovae observations are taken from Riess gold data set (Riess 2004) . Those data are in form of distance moduli, i.e.:
where m is observed magnitude, M absolute magnitude and D is a luminosity distance expressed in Mpc. The usual way of presenting the supernovae data is to plot them in the residual Hubble diagram which depicts the observed magnitude with subtracted expected magnitude in the empty FLRW model versus redshift:
The luminosity distance in the empty cosmology is larger than in the decelerating FLRW Universe, but it is smaller than in the accelerating FLRW Universe. Therefore, if the supernovae are fainter (of higher magnitude) than they would be for an empty universe, this is interpreted as an evidence of acceleration.
Inserting eq. (20) into eq. (21), the distance modulus can be converted into residual magnitude:
It is important to notice that D emp is a function of H0, thus ∆m depends on H0 as well. From eq. (1), D emp is:
The Hubble constant can be either taken from another observation or can be estimated from the supernovae observations. Fig. 1 presents the residual Hubble diagram for Riess gold data set. The value of the Hubble constant used to obtained this figure is as estimated by the Hubble Space Telescope Key Project H0 = 72 ± 8 km s −1 Mpc −1 (Freedman et al. 2001) . As it can be seen the nearby supernovae do not oscillate around ∆m = 0. As is would be expected, the supernovae data should oscillate around zero, since the luminosity distace in first order in redshift is model independent
. Such a behavior suggest lower value of H0. Therefore, low redshift supernovae can be use to estimate the H0. The results obtained on basis of supernovae up to the redshift z lim = 0.05 and assumption that DL = (c/H0)z are presented in Table 1 . The best fitted Hubble constant to these data is 64.66 ± 6.01 km s −1 Mpc −1 with χ 2 /N DF = 1.11. Although local supernovae suggest lower value of H0 in futher calculation it will be assumed that H0 = 72 km s −1 Mpc −1 , unless otherwise indicated. This is because this lower value was estimated only on basis of 56 supernovae measurements which do not provide sufficient high confidence.
RESULTS
We assume the background model to be the FLRW model with the density:
To obtain the exact value of ρ b , the value of H0 is taken as estimated by the Hubble Space Telescope Key Project H0 = 72 ± 8 km −1 Mpc −1 (Freedman et al. 2001) .
Without cosmological constant
This section examines if the observed dimming of supernovae brightness could be caused by matter inhomogeneities, without invoking cosmological constant. To do so the cosmological constant is set to zero and presureless matter is assumed to be the only component of the Universe.
Realistic fluctuations
Astronomical observations of the local Universe indicate that density varies from low values in voids to high val-ues in clusters. Model 1, 2 and 3 are rough estimates of this phenomenon. Model 1 favours low density regions through which the light of supernovae propagates. Model 2 favours high density regions. Model 3 presents the cosine character of density variation and the average density in this model is of average density in the Universe.
The density distributions at present are equal to shown in Fig 2. Note that this graph only represents the density up to 200 Mpc just to demonstrate a periodic character of assumed density distributions.
As was mentioned in Sec. 3 to specify the Lemaître-Tolman model two initial conditions have to be known. The second initial data in this section is the distribution of bang time function. It is assumed that tB(r) = 0. This assumption follows from the Cosmic Microwave Background (CMB) observations. These observations imply that the Universe was very homogeneous at the last scattering moment, and as a consequence the amplitude of the bang time function could not be larger than a few thousand of years, which in comparison with the present age of the Universe is negligible.
The results in the form of the residual Hubble diagram are presented in Fig 3. The results presented in Fig. 3 show that realistic density fluctuation can mimic acceleration on small scales. Firstly, in the residual diagram there are some regions where ∆m is positive. Secondly, in some regions the luminosity distance increases faster with redshift than in the FLRW models. However, on large scales, a significant tendency for curves to decrease remains unchanged. Near the origin the fluctuations in the residual diagram are of large amplitude, of ∼ ∆0.15 mag, but they are decreasing with redshift.
The curve for the homogeneous Ωmat = 0.27, ΩΛ = 0 model is also presented in Fig. 3 . However, because of very tight fluctuation of model 3 around it, it is not clearly visible in Fig 3. Curve 2 is above the plot for the homogeneous hyperbolic model because in this model the expansion of the space is smaller than the expansion of the homogeneous Universe. This is because the density of regions through which light propagates in this model is larger then the background density. In model 1, a vast majority of the region is of lower density, hence curve 1 is below the curve for the hyperbolic homogeneous Universe.
As one can see, if Λ = 0, density fluctuations alone cannot be responsible for the observed behavior of supernovae brightness.
Fitting the observations
It was proved that the Lemaître-Tolman model may be fitted to any observations (Mustapha, Hellaby & Ellis 1997) . Thus, the Lemaître-Tolman model can always be fitted to supernovae data, without invoking cosmological constant.
Nevertheless, if such a fitted model is not consistent with all astronomical data, then the problem still remains unresolved. These problems are addressed in the present section.
As mentioned above, to specify the Lemaître-Tolman model one needs to know two initial functions. Functions such as E(r) or M (r) are difficult to extract form observations. However, the observations provide us with the mea- surements of ρ, H0 and tB. The models in this section are going to be specified in a way allowing to keep one of these functions consistent with astronomical observations, while the second function is chosen so it fits the supernovae observations as good as possible.
Before considering any model, the definition of H0 must be provided. Since in the Lemaître-Tolman model the expansion of the space is inhomogeneous, the H0 is no longer constant. Eq. (6) defines a Hubble constant, but this definition is a local one, since if the expansion slows down with the distanceṘ ′ (r) < 0 while R ′ (r) > 0, the Hubble parameter defined in this way becomes negative. Therefore, it appears more convenient to use the definition of the Hubble parameter which is based on the Hubble law, i.e. that the velocity is proportional to the distance:
Following models are considered:
(i) Model 4. In model 4 the bang time function is consistent with CMB observations, tB(r) = 0. The density distribution is chosen so that it fits the supernovae observations. The results are presented in Fig. 4 . These results are presented for H0 = 72 km s −1 Mpc −1 . The values of χ 2 test are presented in Table  2 . Model 4 proves unrealistic. The density distribution must monotonically increase; namely, from an average value (ρ = ρ b ) at the origin to a value of ρ = 12ρ b at the distance of 3 Gpc. The increase of density yields a decrease of the expansion. In terms of the Hubble parameter, as defined by eq. (25), the expansion rate decreases form 72 km s −1 Mpc −1 to 22 km s −1 Mpc −1 at the distance of 3 Gpc. Such a density distribution and expansion rate are very inconsistent with astronomical observations.
(ii) Model 5. In model 5 the density distribution is consistent with observations and is equal to the background value, ρ = ρ b . The Hubble parameter is chosen so that it fits the supernovae observations. The Hubble parameter in model 5 decreases from HR = 67 km s −1 Mpc −1 at origin to HR = 52 km s −1 Mpc −1 at distance 1.8 Gpc and asymptotically increases to HR = 72 km s −1 Mpc −1 . Although this value is within errors range for the Hubble constant based on the Sunyaev-Zel'dovich effect, it is inconsistent with the other Hubble constant measurements. Moreover, the function which describes the Hubble parameter (HR) variation does not fluctuate or behave in any 'realistic' way. The HR must monotonically decrease (up to almost 2 Gpc) to be able to fit the paremeters presented in Fig.4 . There is not any known physical effect which might be able to explain such a peculiar expansion. Since it is believed that our position in the Universe in not special in any way, such expansion behavior contradicts this philosophical principle. Furthermore, the bang time function is very inhomogeneous. tB is of −600 millions at origin and more than −3 billions at 1.8 Gpc. Such large amplitude of tB is strongly inconsistent with CMB observations.
(iii) Model 6 If lower value of Hubble constant is considered, it is possible to obtain even better fit than in previous case. Lower value of H0 influence the ∆m of the supernovae measurements (via eq. (22)) and the value of the background density (via eq. (24). Similar like above, let us consider a model specified from following assumptions: tB = 0 and HR that it fit the supernovae measurements the best. We assume that H0 = 65 km s −1 Mpc −1 . In this case the HR decreases from 65 km s −1 Mpc −1 at origin to 54 km s −1 Mpc −1 at distance 2.4 Gpc. The bang time function at 2.4 Gpc is −1.7 billions years.
(iv) Model 7 In this model the Hubble parameter is chosen to be of HR(r) = 72 km s −1 Mpc −1 . The density and tB(r) are chosen to fit the supernovae data. However, none of the attempts to obtain a satisfactory fit to observational data succeeded. The best fitted model within the models of constant HR is the empty Universe (with ∆m = 0) There are two possible interpretation of the above results.
The first interpretation is that such models, like model 5 or 6, support the hypothis that there is no dark energy. Effects which are usually interpreted as an influence of dark energy are simply due to matter being not homogeneously distributed. Such conclusion was suggested by Iguchi, Nakamura & Nakao (2002) or recently by Alnes, Amarzguioui & Gron (2005) . These last authors also fit the first peak of CMB spectum. Such attempts were done not only in Lemaître-Tolman model but also in Stephani model (God lowski, Stelmach & Szyd lowski 2004) . There are concerns whether it is possible to fit the whole CMB spectrum, specially when the tB is of very large amplitude. However, the CMB is observed for redshifts z ∼ 1000. The Lemaître-Tolam model because of its flexibility, might be able to reproduce the whole CMB spectrum simply by setting all functions for large r (hence high redshift) such that they fit the CMB spectrum the best. Such interpretation implies that either out position in the Universe is special or the Universe on scale of Gpc is not homogeneous but consist of large structures. Our Galaxy would be in the center of one of such structures. The expansion would decrease with distance (hence redshift) from the centre of each structures.
The second interpretation is that all these models presented in this section support the present day acceleration of the Universe as an explanation of the supernovae observations. Models 4, 5 and 6 were fitted to the supernovae measurements by setting the expansion to be decreasing with distance. Model 7, in which the expansion was constant, did not succeed with fitting the supernovae observations. The observations are always conducted on the light cone and as a result more remote objects are not visible in their up-tominute state but can only be observed as they were sometime in the past. In the accelerating Universe the expansion of the space in the past was smaller than it is at present. In models in which the expansion decreases with distance, the expansion is also decreasing with redshift. Therefore, the fact that the models with the expansion decreasing with distance (models 4, 5 and 6) are able to be consistent with the supernovae data, whereas model 7 is not, proves that the supernovae observations demonstrate the present-day acceleration of our Universe.
At present stage in terms of analyses of observations it seems that these two interpretation are equal. The difference is in the philosophical assumptions. The first model requires that our position is special, or there exist large inhomogeneities in the Universe (with diameters of order of Gpc). The second interpretation is based on the assumption that our position in the Universe in not special and on large scale the Universe is homogeneous. Both these assumptions are indistinguishably by any current observations.
Symmetry constrains
These results show that the influence of the density fluctuations is significant only for small redshifts. There is a question whether this phenomenon is real or is just a consequence of the spherical symmetry assumption. Within a small distance from the origin, spherical symmetry is valid but as the distance increases it becomes less accurate.
As can be seen in Fig. 3 the amplitude of fluctuations in the residual Hubble diagram is decreasing with redshift. This can be due to the evolution -in the past, the density fluctuations were of smaller amplitude, hence the lower amplitude of fluctuations in the residual diagram. However, the Universe has not evolved significantly since the red- shit z ∼ 0.5. Therefore, it might be possible that in nonsymmetrical models the amplitude of the magnitude fluctuations would not decrease so fast as in our case.
To check this hypothesis one should also repeat the above calculations in the inhomogeneous nonsymmetrical model. Nevertheless, even if the fluctuations in the residual diagram were assumed to be of the same amplitude for both high and low redshifts, it would still be impossible to explain the excess of the faint supernovae in the redshift range 0.4 − 1. Namely, within this range astronomers observed supernovae of ∆m ∼ 0.6 − 0.8. This is almost by 1 mag. larger than the values predicted in the models 1 and 2.
Cosmological constant
In this section light propagation in inhomogeneous Universe with cosmological constant is investigated. The value of cosmological constant corresponds to the concordance value, ΩΛ = 0.73. Investigated models include model 8, 9, and 10. These models are of similar density distribution to models 1, 2, and 3 respectively. Results presented in Fig. 5 indicate that realistic matter fluctuations, as in the case with no Λ, introduce fluctuations to the residual Hubble diagram. These fluctuations are large for low redshifts but they are fast-decreasing for high redshifts. This feature if interprated within homogeneous models would suggest that local supernovae are of larger dispersion around the average value than the distant ones. In fact, the latest supernovae measurements (Astier et al. 2005) show that the intrinsic dispersion for nearby supernovae is larger than for high redshifts supernovae.
CONCLUSION
This paper investigated the light propagation of the supernovae in the inhomogeneous Lemaître-Tolman model. The inhomogeneous models are of great flexibility and can fit the data without invoking the cosmological constant, which has been proved by Mustapha, Hellaby & Ellis (1997) . Célérier (2000) and Alnes, Amarzguioui & Gron (2005) have proved that the matter inhomogeneities in the Lemaître-Tolman model can mimic the cosmological constant and thus can be an alternative to dark energy. However, this paper indicates that the models which fit the supernovae measurement without invoking the cosmological constant are very peculiar (see model 4, 5, and 6 of Sec. 5.1.2). These models have either a very peculiar expansion of the space (decreasing from the origin), or unrealistic density distribution (increasing from the origin) or/and very large amplitude of the bang time function (tB(r)). Introducing the Ockham's Razor principle, it is more likely that the Universe is accelerating rather than the conditions in our position in the Universe are so very special and peculiar that they could be responsible for the observed dimmining of the supernovae brightness. However, this statement reflects only the philosophical preferences. Base on other philosophical assumptions, such that our position in the Universe can be unique, opposite conclusion can be obtain.
The results show that in the inhomogeneous Lemaître-Tolman model the amplitude of brightness fluctuations observed in the residual Hubble diagram is significantly large for low redshifts δm ≈ 0.15 but it decreases for higher redshifts and, thus, for redshifts larger than z ≈ 0.3 these fluctuations are neglegible. This can be the consequence of the evolution. In the past the density fluctuations were smaller, hence their smaller influence on the brightness fluctuations. However, it is also possible that this fast decrease can be due to the symmetry restrictions. The Lemaître-Tolman model assumes spherical symmetry which constrains the evolution and another parameters of the model too much. Therefore it is worth investigating the light propagation in the models which would be both non-symmetrical and inhomogeneous. If in the inhomogeneous and non-symmetrical model the magnitude fluctuation does not decrease so fast, the observed scatter of supernovae measurements might be possible to be partly explained. On the other hand if these brightness fluctuations decrease so fast in reality, it would explain why the Astier et al. (2005) measurements show that the local supernovae are of larger intrinsic dispersion than the distant ones.
Moreover, as shown above, the nearby supernovae (from Riess gold data set) do not oscillate around zero in the residual Hubble diagram which suggests the lower value of Hubble constant. Assuming that the Hubble constant is of 65 km s −1 Mpc −1 the fit to the supernovae measurements is much better than in models with H0 = 72 km s −1 Mpc −1 . For example for ΛCDM model from χ 2 /N DF = 2.09 to χ 2 /N DF = 1.14 for H0 = 72 km s −1 Mpc −1 and H0 = 65 km s −1 Mpc −1 respectively.
The main conclusion of this paper is that matter inhomogeneities introduce the brightness fluctuation in the residual Hubble diagram of amplitude δm ≈ 0.15 mag for low redshifts, and thus can mimic the acceleration on small scales. However to explain the excess of faint supernovae, without invoking any special condition (for example peculiar expansion of the Universe) the cosmological constant have to be employ.
